This study investigates, using a new variable-acceleration model, the validity of the implicit assertion in previous studies regarding global constant sea level rise accelerations. Thirteen out of twenty seven globally distributed tide gauge stations, with records longer than 80 years, exhibit statistically significant quartic coefficients (p < 0.05) revealing the presence of variable sea level accelerations though not as a global phenomenon. Most of these stations initially exhibit decreasing negative velocities until early 20 th century and increasing positive velocities after 1970's following a period of constant velocities. It is shown that, for those locations experiencing statistically significant variable sea level accelerations, the estimates based on the conventional linear representation of linear sea level trends are not appropriate, and are notably biased for a number of stations. All solutions account for serial correlations, which otherwise induce biases in solution statistics. It is also demonstrated that the omission of non-linearities in sea level changes will bias the sea level trends for short records, such as those from satellite altimetry, as large as 3 mm/yr. 
Introduction
One of the serious consequences of global warming is an increase in sea levels. Although sea levels exhibit natural spatial and temporal variability ranging from hourly to millennial scales, accurate determination of sea level trends and a possible acceleration during larger than any other decade during the past 55 years. A study by Church and White (2006) revealed 0.013 mm/yr/yr positive acceleration in sea level rise. A more recent research by Holgate (2007) , from the analysis of nine long tide gauge records during , reported that the rate of sea level change was larger (2.03 ± 0.35 mm/yr) in the early part of last century , in comparison with the latter part 1.45 ± 0.34 mm/yr.
The results from the analysis of a 300 year long global sea level using two different methods by Jevrejeva et al. 2008 Whereas two other recent studies by Houston and Dean (2011) , and Watson (2011) , using tide gauge data showed no acceleration globally and in fact, a negative acceleration for the regional (Australia) sea level rise.
The above list of estimates about the sea level trends at secular time scales and a possible acceleration in sea level rise is by no means exhaustive. However, the plethora of divergent estimates about the sea level rise inferred from tide gauge and satellite altimetry data suggest that sea level accelerations may also be variable as a function of time and location, a possibility that was recognized as decadal and interdecadal variations but was not vigorously formulated and scrutinized in earlier investigations. In what follows is the description of tide gauge records used in the study and their analysis based on the new model, referred here as variable-acceleration model. In addition, trend estimates were also calculated using linear trend only models with no accelerations, referred here as no-acceleration models, which were used as baselines in evaluating the impact of the variable sea level accelerations on the estimates for the average sea level velocities.
Variable Sea Level Velocity and Acceleration Model
Let the sea level accelerationḧ t at an epoch t be represented by the following time varying quadratic model: 
Early velocity-only (trend models), and recent fixed-acceleration models are all empirical and descriptive in nature hence yet to be informative in explaining the underlying phenomena. 
In this expression h t represents the monthly averaged tide gauge data available in between starting and ending epochs, t = t Start · · · t End , and, h t 0 is the unknown sea level reference height defined at the initial epoch of the measurements t 0 , which is now defined at the middle of the series. The coefficients b, c, and d are the unknown quartic coefficients that can be determined using a least square solution from the tide gauge records. The additional unknown coefficients of the sine and cosine terms are denoted by α and γ from which the amplitudes and the phase angles of semiannual, annual, and lunar node (18.613 yr.) periods, P h , are deter- Moreover, a quartic (bi-quadratic) model exhibits sixteen distinct combinations of sign ordering of its coefficients, sufficient enough for capturing long term periodic, episodic, deterministic, or stochastic excursions (at decadal and interdecadal scales) regardless of their origins in sea level heights, thereby reducing the effect of unmodeled variations on the secular trends, and instrumental for searching a global sea level acceleration.
Stochastic Model
Traditionally, the stochastic model involved in sea level studies assumes that the random variable e t (disturbances), which represents the lump-sum effect of the instrument errors and the lumpsum unmodeled effects, are uniform (homogenous) and independent of each other (uncorrelated). A recent study by Iz et al. (2012) , revealed that the disturbances exhibit autoregressive behavior of the first order for the tide gauge stations used in that study with a positive serial correlation coefficient as large as 0.4. DurbinWatson tests using the residuals of the preliminary solutions for the 27 stations involved in this study also confirmed the presence of statistically significant first order autoregressive processes in all tide gauge stations.
If the disturbances e t at a given station are sequentially interdependent ignoring serial correlations does not bias the estimated parameters. Yet their omission can cause overestimation of the accuracy of the estimated parameters (Neter et al., 1996) if the correlation coefficients are positive, thereby introduce spurious parameters as significant, which are otherwise rejected in null-hypothesis testing for their significance.
It is rather surprising that, despite the recognition of the serial correlation in tide gauge records (Maul and Martin, 1993) The following first order autoregressive process can represent the stochastic behavior of the disturbances:
where, ρ represents the correlation between e t and e t−1 at two subsequent epochs t -1 and t. The stochastic process v t at the epoch t has the following assumed properties, 
If the autocorrelation coefficient is positive, which is the case for all the stations analyzed in this study, then the Hildreth -Lu procedure (Hildreth and Lu, 1960) , which is based on a simple trans- 
In determining average velocities, it is preferable to calculate the predicted heights using only the quartic model parameters leaving out the periodic effects for robust estimates. While the omission of periodic variations on the average velocity is negligible for long series, the average velocity for shorter series will be different as a function of the length of the series if the periodic changes are included in the above expression.
All the average velocity estimates reported in this study follows this guideline regardless of the record length, i.e. all model parameters, inclusive of the coefficients of the quartic and periodic components were first estimated. The adjusted starting and ending sea level heights at the starting and ending epochs were then calculated using quartic parameters only, leaving out the periodic components, to estimate the average velocity given by Eq. (9).
The standard error of the error average secular rate is calculated using the error estimates of the predicted heights at the beginning and end of the series by variance propagation.
Globally Distributed Long Tide Gauge Time Series
Permanent Mean Sea Level (PSMSL) repository maintains a tide gauge database from over 1800 stations since 1933. PSMSL offers Metric and Revised Local Reference (RLR) data (PSMSL, 2011) . The metric data is the raw data directly received from the authorities, whereas the RLR data contains monthly and annual MSL data ref-
erenced to a common datum. Given the fact that the longer the series are, the more robust the estimates of the sea level trend are against unmodeled sea level variations (Iz, 2006) , only stations that span close to and over a century were deployed in this investigation. The RLR tide gauge data, downloaded in April 2011 and listed in Table 1 , are used in this study.
Tide gauge data (or estimated trend estimates) were not corrected for the effect of the post glacial rebound, hence all inferences refer to relative sea level changes.
Solutions
Solutions using two different models were considered. The noacceleration model is the typical trigonometric model in estimating linear sea level trends in current literature. It is also a subset of the proposed variable-acceleration model in which the polyno-
The no-acceleration model is to evaluate the impact of the variable-acceleration models on various estimated parameters and their statistics. However, as opposed to the current practice, the observation errors, in this study, are recognized to follow the same first order autoregressive process, which was discussed in the previous section for the no-acceleration solutions. Again, as before, those variable-acceleration model parameters whose t-scores with p > 0.05 were removed and new solutions were generated using the reduced models. The same full Ftests were carried out to check the predictive power of the models, which were all significant at 0.05 level.
Variance inflation factors, VIF, were calculated for all the estimates (regression of each one of the parameters, as dependent variable, and the others as independent variables) to check multiple collinearity especially for correlations among quartic parameters.
For those parameters that pass the t tests, all the VIFs were less than two, indicative of negligible correlations among the parameters.
R
2 (adj) values were larger and the RMSE were smaller for the variable-acceleration model solutions with serially correlated (autocorrelated) disturbances than those of the baseline model solutions (no-acceleration models), as expected. In some cases the improvements were not impressive and in some others, there were no improvements because, the no-acceleration and the variable acceleration models overlap as a result of rejecting all the quartic model coefficients under the null-hypothesis testing.
Model Verification
Two neighboring tide gauge stations in Sydney Australia, Fort Denison and Denison 2, demonstrate the reproducibility of variable-acceleration model solutions as compared to noacceleration model solutions (the first two entries in Table 1 ).
These two stations are within a few km from each other with data span of 108 and 96 years respectively. Because of their proximity, they sample the same environment. Notwithstanding the variability in their data, trend estimates from these two stations are expected to be the same. Table 1 Observe that the significant differences in the initial velocities for the variable-acceleration solutions support the necessity for the proposed average velocity formulation. Figure 1 (estimated intercepts are set to zero for clarity).
No-acceleration model trend estimates for the two nearby Fort Denison stations in Sydney in

Analysis of Results
Despite
All the tide gauge stations used in this study with significant quartic parameters, with the exception of San Francisco, (USA) and Prince Rupert (Canada), exhibit increased positive velocities toward the end of the series after 1970s, which are starkly replicated on the variable-acceleration plots (third plot in Figure 1 for each station). The variable-acceleration plots reveal that majority of the tide gauges stations analyzed in this study experience a decreasing negative acceleration during the beginning of the series, followed by an oscillating velocity period until 1960s, after which there is a clear increasing positive acceleration in sea level rise. It should be emphasized that this behavior cannot and should not be generalized for a global synthesis because of limited sampling.
The Effect of Variable Acceleration on Secular Trends from Shorter Records
The magnitudes of most of the averaged velocities calculated using the variable-acceleration models are different than those estimated from no-acceleration models. Their presence also implicates that they will bias the velocity estimates from shorter records, such as satellite altimetry in the same region, if they are not accounted for in analyzing these records.
To illustrate the effect of biasing, consider modeling satellite records overlapping with the last 20 years of the Sydney (AU) series, during 1915 -2010, for estimating the sea level rise during these two decades towards the end of the series. If the following model, which ignores the presence of the variable accelerations given by Eq. (5), is used for estimating the sea level trends (the periodic model parameters can be safely ignored for the sake of simplicity),
then, ∆ t , the omission error, is given by;
Following the derivation steps given in Iz (2006) for the unmodeled effects, it can be shown that the trend estimate,ĥ t from the satellite altimetry solution using Eq. (10) will be biased if E(∆ t ) ̸ = 0. Figure 1 . In the first graph of each station, the vertical axes show estimated sea level heights using quartic models in mm referenced to zero intercept. The second graph of each station display the display the sea level velocities in mm/yr which is generated from the estimated quartic parameters using the velocity equation. The accelerations (mm/yr/yr) of each stations are based on the acceleration equation with estimated quartic parameeters. All plots are generated during each stations' record periods at yearly intervals. Horizontal axes are in years and the initial period of each series are defined at the middle epoch of the series listed in Table 1 .
The bias can be computed using the following expression,
where circumflex denotes the estimated velocity.
If the time variable truns from 1990 through 2010 at monthly intervals, and,t is the reference epoch 2000 for the satellite altimetry measurements, and t 0 = 1962 is the reference epoch for the tide gauge data, then the calculated bias, using Eq. (12), is -3.36 mm/yr, a marked correction for the estimated velocity from satellite altimetry records in this region.
The first panel of Figure 1 for this station shows that the last 20 years of tide gauge records were subject to a considerable upward trend as part of a variable acceleration of local effect, therefore, the correction is consistent, and will reduce the satellite altimetry rate closer to the expected level of 0.52 mm/yr listed in Table 1 inferred from the long records using the average velocity model.
Conclusion
The new quartic kinematic and statistical models with first order autoregressive disturbances (serial correlation) introduced in this study detected statistically significant sea level changes with positive and negative variable velocities and accelerations in sea level throughout their records, in addition to their secular trends and semi-annual, annual, and nodal periodicities. Figure 1 , can also be attributed to a number of hidden unmodeled periodic changes and their interaction, because they are small in magnitude and their periods exceeding decadal or longer periods that cannot be easily detected using spectral methods requiring records much longer than a century (unless their periods are known a priori). If that is the case, then the quartic model proposed in this study approximates their effects and enables unbiased estimation of secular trends. This duality between variable accelerations and unmodeled periodic sea level changes offer new challenges that are yet to be addressed.
Note that this is an introductory analysis with limited number of tide gauge stations emphasizing the issues related to the side effect of variable sea level accelerations at longer time scales on the sea level trends. The underlying dynamic interpretation of the kinematic models that were proposed in this study is needed. Use of average velocity in the presence of variable sea level velocity and accelerations is a must if polynomial models are deployed.
This study also recognized and properly modeled first order autoregressive disturbances in the tide gauge data at the global scale. Numerical results provide statistically significant evidence that they are all indeed important.
This study is by no mean exhaustive. The estimates are related to local relative sea level changes with limited number of stations and proper physical interpretation of the kinematic models all do require further studies for a global synthesis.
